Abstract. We prove a Simons-type holonomy theorem for totally skew 1-forms with values in a Lie algebra of linear isometries. The only transitive case, for this theorem, is the full orthogonal group. We only use geometric methods and we do not use any classification (not even that of transitive isometric actions on the sphere or the list of rank one symmetric spaces). This result was independently proved, by using an algebraic approach, by PaulAndy Nagy. We apply this theorem to prove that the canonical connection of a compact naturally reductive space is unique, provided the space does not split o¤, locally, a sphere or a compact Lie group with a bi-invariant metric. From this it follows easily how to obtain the full isometry group of a naturally reductive space. This generalizes known classification results of Onishchick, for normal homogeneous spaces with simple group of isometries, and Shankar, for homogeneous spaces of positive curvature. This also answers a question posed by J. Wolf and Wang-Ziller. Namely, to explain why the presentation group of an isotropy irreducible space, strongly or not, cannot be enlarged (except for spheres, or for compact simple Lie groups with a bi-invariant metric).
Introduction
Homogeneous spaces play a central rô le in Riemannian geometry. The most distinguished family is that of symmetric spaces, defined and classified by E. Cartan [7] . A wider class, that includes the compact symmetric spaces, are the normal homogeneous ones and, more generally, the naturally reductive spaces [9] (see Section 6) . Compact isotropy irreducible spaces, strongly or not [23] , [22] , and almost all known examples of compact homogeneous Einstein spaces carry naturally reductive metrics.
Symmetric spaces can be defined geometrically, or by means of a nice presentation, that involves the (connected component of the) full isometry group. In contrast, the definition of a naturally reductive space M ¼ G=H, or even of a normal homogeneous one, depends on the presentation of the spaces as a quotient of groups. In this case G need not be the full isometry group or its connected component. For instance,
being the sphere, with the standard metric, strongly isotropy irreducible with respect to both presentations (the same is true for S 6 ¼ SOð7Þ=SOð6Þ ¼ G 2 =SUð3Þ). The explanation of such a pathology is that the full isometry group of this sphere, IsoðS 7 Þ ¼ Oð8Þ, does not behave properly with respect to the canonical connection ' c associated to the reductive decomposition of Spinð7Þ=G 2 (since, in general, an isometry maps the canonical connection into another canonical connection).
In general, for a compact naturally reductive homogeneous space M ¼ G=H, with a canonical connection ' c , there is a standard way of enlarging the group G. Namely, including all the isometries of M that belong to A¤ðM; ' c Þ, i.e. that are a‰ne with respect to ' c . In fact, if M is simply connected, any linear isometry l : T p M ! T q M with lðR c -parallel curvature R c and torsion T c ). This extension can also be done, for the connected component and only in the compact case, by adding to the Lie algebra G of G, the fields that are invariant under the transvections Trð' c Þ, which is a transitive normal subgroup of G (such fields are in a one to one correspondence with the fixed vectors of the isotropy). This shows that this standard extension is trivial for S 7 ¼ Spinð7Þ=G 2 (see [18] , Section 7).
In this article we shall prove, in a geometric way, that the sphere is the only case where this standard extension does not give the full isometry group. Theorem 1.1. Let M ¼ G=H be a compact naturally reductive Riemannian manifold and let ' c be the associated canonical connection. Assume that M is locally irreducible and that M 3 S n , M 3 RP n . Then:
(i) Iso 0 ðMÞ ¼ A¤ 0 ðM; ' c Þ:
(ii) If IsoðMÞ S A¤ðM; ' c Þ then M is isometric to a simple Lie group, endowed with a bi-invariant metric (and in this case, the geodesic symmetry maps ' c into 2' À ' c ).
For a normal homogeneous compact space with G simple, this result was obtained by classification by Onishchik [16] . Also for homogeneous manifolds of positive curvature the full isometry group was determined by Shankar [19] .
The above theorem follows easily from the following main result which says that the canonical connection is essentially unique. Theorem 1.2. Let M be a compact naturally reductive Riemannian manifold, which is locally irreducible. Assume furthermore that M is neither (globally) isometric to a sphere, nor to a real projective space, nor to a compact simple Lie group with a bi-invariant metric. Then the canonical connection is unique.
Taking into account the above result, since the only excluded cases are symmetric spaces, it make sense to look for a geometric definition of compact naturally reductive spaces (or at least for the normal homogeneous ones). Of course, such a definition should coincide with the usual one for symmetric spaces. Theorem 1.2 has the following corollary that explains, in a geometric way, that the presentation of an isotropy irreducible space gives the connected component of the full isometry group. This question was posed by J. Wolf, for the strongly isotropy irreducible spaces, and by M. Wang and W. Ziller in general. [22] ). Let M n ¼ G=H be a compact, simply connected, irreducible homogeneous Riemannian manifold such that M is not isometric to the sphere S n . Assume that M is isotropy irreducible with respect to the pair ðG; HÞ (e¤ective action). Assume, furthermore, that M is not isometric to a (simple) compact Lie group with a bi-invariant metric. Then G 0 ¼ Iso 0 ðMÞ.
For strongly isotropy irreducible spaces one only need to assume that the space is not isometric to a sphere (see Remark 6.2) .
What is surprising is that the proof of Theorem 1.2 leads in a natural way to a Simons-type holonomy theorem that we prove also in a geometric way (involving normal holonomy). In fact, if ' c is another canonical connection, then the di¤erence tensor at a fixed point p, Y ¼ ð' c À ' c Þ p is a 1-form with values in the full isotropy algebra (see Section 6). Moreover, since the Riemannian geodesics, for naturally reductive spaces, are the same as the canonical geodesics, one has that Y is totally skew, i.e. hY X Y ; Zi is an algebraic 3-form of T p M (such a 1-form arises naturally as the di¤erence tensor of connections with the same geodesics and are particularly important in physics, see [2] , [1] ).
It is then natural to define, just as Simons [20] did for holonomy systems, the concept of skew-torsion holonomy system: it is a triple ½V; Y; G, where V is a Euclidean vector space, G is a connected Lie subgroup of SOðVÞ, and Y is a totally skew 1-form on V with values in the Lie algebra G of G (see Section 2). Theorem 1.4 (Strong skew-torsion holonomy theorem (see also [13] )). Let ½V; Y; G, Y 3 0, be an irreducible skew-torsion holonomy system with G 3 SOðVÞ. Then ½V; Y; G is symmetric and non-transitive. Moreover, (i) ðV; ½ ; Þ is an orthogonal simple Lie algebra, of rank at least 2, with respect to the bracket ½x; y ¼ Y x y;
(ii) G ¼ AdðHÞ, where H is the connected Lie group associated to the Lie algebra ðV; ½ ; Þ;
(iii) Y is unique, up to a scalar multiple.
This theorem would confirm the hope of J. Simons, in the introduction of [20] , that a variation of his algebraic setting, for holonomy systems, could be useful for other situations. Theorem 1.4 implies that the holonomy group of an irreducible non-symmetric naturally reductive space is always generic (see Remark 6.6).
In order to apply the above theorem to prove Theorem 1.2 one need a non-trivial result about compact homogeneous spaces with a nice isotropy group. But this result was also used in the proof of the above theorem which illustrates the close relationship between both results. Namely, Theorem 1.4. Let M ¼ G=H 0 be a compact homogeneous Riemannian manifold and let H be the connected component of
(i) H 0 acts only on V 0 and H i acts irreducibly on V i and trivially on V j if i 3 j, i f 1.
(ii) Moreover, if i f 1, then
This result in far from being trivial, due to the fact that the totally geodesic submanifold F , given by the set of fixed points of the (connected) isotropy H, is in general nontrivial. In order to deal with F , one has to use the fact that the G-invariant fields are divergence free, which holds in the compact case. If M is not assumed to be compact then Theorem 1.5 is false; see Remark 5.4.
The weaker version of Theorem 1.4, where G is assumed to be non-transitive on the sphere, instead of G 3 SOðVÞ, follows by using the same arguments of the proof of the Simons holonomy theorem [20] given in [15] ; see Theorem 2.4. Such a proof uses submanifold geometry, involving normal holonomy, as in [14] . But transitive groups on the sphere, di¤erent from the full orthogonal group, were excluded by Agricola and Friedrich [2] (for Spinð9Þ after long computations). Actually, the quaternionic-Kähler case was not treated there, but applying the same ideas in [2] , for the Kähler case, can be easily solved. This is done by considering the quaternionic-Kähler 4-form, instead of the Kähler 2-form (see Remark 4.3).
But such a proof, which involves the classification of transitive actions on spheres, was far from the spirit of this article, that avoids any classification result. We also succeed in giving a direct and geometric proof that transitivity, for skew-torsion holonomy systems, implies that the group is the full orthogonal group. This completes the geometric approach to Theorem 1.4.
We would like to remark that many important steps in our arguments relay on submanifold geometry. This illustrates, as in [14] , how submanifold geometry can be used to obtain general results in Riemannian geometry.
This article may be regarded as a step forward in the geometrization of Lie groups and homogeneous spaces.
We wish to mention that, independently, Paul-Andy Nagy [13] , with an algebraic approach, by means of the so-called Berger algebras [4] , proved Theorem 1.4 (in fact, his preprint appeared earlier than ours).
Preliminaries and basic facts
We will extend the definition of Simons to algebraic 1-forms with values in a Lie algebra, which are totally skew.
Let V be a Euclidean vector space and let G be a connected Lie subgroup of SOðVÞ. Let Y : V ! G ¼ LieðGÞ H soðVÞ be linear and such that hY x y; zi is an algebraic 3-form on V. We call such a triple ½V; Y; G a skew-torsion holonomy system. A skew-torsion holonomy system is said to be:
transitive if G acts transitively on the unit sphere of V;
Let ½V; Y a ; G, a A I , be a family of skew-torsion holonomy systems and let
0 is an ideal of G. Let G 0 be the connected Lie subgroup of G whose Lie algebra is G 0 . Decompose
where V 0 is the set of fixed points of G 0 and G 0 acts irreducibly on 
. Hence, by making use of the previous lemma,
Þ and so B ¼ 0. From this it is not hard to prove the proposition, since G 0 is an ideal of G. r Let ½V; Y; G, Y 3 0, be an irreducible skew-torsion holonomy system and let n v ðG:vÞ be the normal space at v to the orbit G:v. Namely,
We have, as for holonomy systems, see [15] 
Then, with the same proof as that given for the Simons holonomy theorem in [15] one has:
Theorem 2.4 (Weak skew-torsion holonomy theorem). Let ½V; Y; G, Y 3 0, be an irreducible non-transitive skew-torsion holonomy system. Then ½V; Y; G is symmetric.
In fact, the proof is simpler since Y has less variables than an algebraic Riemannian curvature tensor. Proposition 2.5. Let ½V; Y; G, Y 3 0, be an irreducible symmetric skew-torsion holonomy system. Then:
and so, the linear span of fgðYÞ x : g A G; x A Vg coincides with the Lie algebra G of G).
(ii) ðV; ½ ; Þ is an (orthogonal) simple Lie algebra with respect to the bracket ½x; y ¼ Y x y.
(iii) G ¼ AdðHÞ, where H is the connected Lie group associated to the Lie algebra ðV; ½ ; Þ.
(iv) Y is unique, up to a scalar multiple.
By making now B ¼ Y z , the Lie identity for the bracket follows. This implies that V is a Lie algebra. From this it follows (iii). Since G acts irreducibly, it follows that V is simple, which completes part (ii).
Part (iv) follows from the fact that V is simple. In fact, if ½V; Y 0 ; G is also a symmetric skew-torsion holonomy system, then Y 0 x is a derivation of ðV; ½ ; Þ and so, Y 0 x ¼ ½lðxÞ; Á, where l : V ! V is linear. Since Y 0 and ½ ; are G-invariant, we must have that l is G-invariant, i.e. l commutes with G. Since G acts by isometries, both the skew-symmetric part l 1 and the symmetric part l 2 of l must commute with G. By making use of Lemma 2.2 we obtain that l 1 ¼ 0. Moreover, since G acts irreducibly, we have that l 2 ¼ l Id which proves (iv). r Remark 2.6. We recall here, for the sake of self-completeness, since we used this fact, that there is only one simply connected compact Lie group of rank one (which is the universal cover of SOð3Þ and is isometric to the 3-sphere). Indeed, let H be a compact simply connected Lie group of rank one and dimension n. Then, as a symmetric pair, H ¼ H Â H=diagðH Â HÞ. Since H is a rank one symmetric space one has that diagðH Â HÞ F H acts transitively on the tangent sphere S nÀ1 at p ¼ ½e. Thus S nÀ1 ¼ H=S 1 , where S 1 is a compact Lie subgroup of dimension 1 of H (and so, S 1 is homeomorphic to the circle). Recall that the homotopy groups of S 1 are all trivial, except for the first one. If n À 1 3 2 this yields a contradiction in the exact homotopy sequence in-
In this case the bracket is unique, since there is a unique 3-form, up to multiples, in dimension 3. This bracket gives rise to the Lie algebra of SOð3Þ.
The derived 2-form with values in a Lie algebra
Let ½V; Y; G, Y 3 0, be a skew-torsion holonomy system. We will define a 2-form W with values in G such that hW x; y z; wi is a 4-form on V.
Let us define
It is clear that W x; y A G for all x; y A V. From the definition one obtains that W x; y is skewsymmetric in x and y. Moreover, for any fixed x, hW x; y z; wi is a 3-form in the last three variables, since Y is totally skew (and then ðB:YÞ is so, for all B A soðVÞ). Thus hW x; y z; wi is an algebraic 4-form.
Lemma 3.2. Let ½V; Y; G, Y 3 0, be a skew-torsion holonomy system and let S be the set of fixed points of H, where H is a subgroup of N À G; OðVÞ Á (the normalizer of G in the full orthogonal group). Assume that the restriction to S of hY Á Á; Ái is not identically zero. Let G S be the connected component of the subgroup of G that leaves S invariant. Then:
(i) The cohomogeneity of G S on S is less or equal to the cohomogeneity of G in V (cohomogeneity means the codimension of any principal orbit).
(ii) There exists a totally skew 1-form Y S 3 0 on S, with values on the Lie algebra G S of fg jS : g A G S g and such that hY S Á Á; Ái coincides with the restriction to S of hY Á Á; Ái.
Proof. Part (i) is a special case of Lemma 5.2. Part (ii) follows from the fact that the projection to S (of the restriction to S) of a Killing field of V, induced by G, lies in G S ; see the proof of Lemma 5.2. For the sake of clearness, we adapt the arguments to this particular case. We may assume, by taking the closure, that H is compact. Let us definẽ
Observe thatỸ Y S is a totally skew 1-form with values in G. Lemma 3.4. Let ½V; Y; G, Y 3 0, be an irreducible skew-torsion holonomy system. Then G acts on V as an irreducible s-representation (i.e. the isotropy representation of a simple symmetric space).
Proof. We will define an algebraic (Riemannian) curvature tensor R 3 0 on V with values R v; w in the Lie algebra G of G. Let 
Now observe that, in the above sum, the first term is equal to the last one, the second term is equal to the third one and the remaining two terms are also equal. Thus
Let us compute sðRÞ, the scalar curvature of R. Let e 1 ; . . . ; e n be an orthonormal base of V. Since hW v; w z; ui is a 4-form we have
hR e i ; e j e j ; e i i ¼ P which is non-zero since Y 3 0. Therefore ½V; R; G is an irreducible holonomy system, in the sense of Simons [20] with sðRÞ 3 0. Hence G acts as the isotropy representation of a simple symmetric space by [20] , Theorem 5. In fact, let R ¼ Ð g A G gðRÞ. Then sðRÞ ¼ sðRÞ 3 0 and therefore ½V; R; G is an irreducible symmetric holonomy system. r 4. The proof of the strong skew-torsion holonomy theorem
In this section we state and prove the main result on skew-torsion holonomy systems.
Theorem 4.1. Let ½V; Y; G, Y 3 0, be a transitive skew-torsion holonomy system. Then G ¼ SOðVÞ.
Proof. Let
We shall make induction on the dimension n of V (n f 3, otherwise, Y ¼ 0). For n ¼ 3 the theorem is true, since there is only one such form Y, up to a scalar multiple, since hY Á Á; Ái is a 3-form. In this case fY v : v A Vg ¼ soð3Þ and the theorem holds.
Let n > 3 and assume that the theorem holds for dimðVÞ < n. There are three subcases that require di¤erent geometric arguments. Namely, dimðV 0 Þ f 2, dimðV 0 Þ ¼ 1 and dimðV 0 Þ ¼ 0.
For these subcases we will use that G acts on V as the isotropy representation of a simple symmetric space (see Lemma 3.4) . Let then 0 3 R be the unique, up to multiples, algebraic (Riemannian) curvature tensor on V such that ½V; R; G is a symmetric holonomy system (i.e. gðRÞ ¼ R, for all g A G). In this case G coincides with the linear span of fR u; v : u; v A Vg. We will show that R has constant curvatures and so G ¼ soðVÞ. Since G preserves R and acts transitively on the unit sphere of V, one must only show that there exists v 3 0 such that the Jacobi operator J v ¼ R Á; v v, J v : fvg ? ! fvg ? is a multiple of the identity transformation.
Before continuing with the proof let us observe the following fact: any normal space at z, n z to the orbit GỸ Y :z is R-totally geodesic, i.e. invariant under R: R n z ; n z n z H n z . In fact, for any g A fe tỸ Y z g and u; x; y A n z one has that, since gðRÞ ¼ R, We can now apply Lemma 3.2 to conclude that the cohomogeneity of G n v on n v is one (i.e. it is transitive on the sphere). Moreover, there exists a totally skew 1-form Y [17] , [5] ). The cohomogeneity of GỸ Y in V is at least 2. Otherwise, the Lie group associated to ðV; ½ ; Ỹ Y Þ would be of rank one and therefore, by Remark 2.6, dimðVÞ ¼ 3, a contradiction, since we assume n > 3.
Let M ¼ GỸ
Y :v be a principal orbit. Let x belong to the normal space n v of M at v such that the shape operator A x has all of its eigenvalues l 1 ; . . . ; l g di¤erent from zero and g f 2. Such a x can be chosen by perturbating slightly the position vector, since the codimension of M is at least 2 and so M, since it is full, is not umbilical. Let E 1 ; . . . ; E g be the eigenspaces of A x associated to l 1 ; . . . ; l g respectively. Let us write
. . . ; g. One has that the normal space at v i to the orbit
Moreover, the restriction ofỸ Y to n v i is not zero, since n v i is not abelian. In fact, it contains properly the maximal abelian subalgebra n v . Recall that, by Remark 3.3, n v i is the set of fixed points of fe tỸ Y v i g (and so, as we previously remarked, n v i is left invariant by R). By Lemma 3.2, G n v i is transitive on the unit sphere of n v i . Hence, by induction, since dimðn v i Þ < dimðVÞ, we get that
Since the restriction R i of R to n v i is fixed by G n v i ¼ SOðn v i Þ, one has that R i has constant curvatures, let us say m. Let W i ¼ fvg ? X n i then
We have dropped the subscript i for m, since it does not depend on i. In fact, let w A n v be of unit length and perpendicular to v.
We have that w as well as v, belong both to any W i and that m ¼ hR w; v v; wi. This shows that m is independent of i ¼ This concludes the proof of the theorem. r Let i, j, k be di¤erent indexes fi; j; kg H f1; 2; 3; 4g. We assume that i ¼ 1, j ¼ 2, k ¼ 3 (the other cases are similar). Let m > 4 and r be arbitrary. Observe that Lemma 2.1 and Proposition 2.2 imply that spð1Þ Â spðnÞ is linearly spanned by fgðYÞ v : v A R 4n g. Then, the above equality implies that Spð1Þ Â SpðnÞ leaves invariant the subspace of R 4n spanned by fe 1 ; e 2 ; e 3 ; e 4 g. This is a contradiction since Spð1Þ Â SpðnÞ acts irreducibly on R 4n (n > 1Þ. Therefore, Spð1Þ Â SpðnÞ is also excluded.
Compact homogeneous manifolds with nice isotropy
In this section we prove a general result, Theorem 1.5, for compact homogeneous Riemannian manifolds with nice isotropy groups.
Let us first state some results that we need.
Lemma 5.1. Let M ¼ G=G p be a homogeneous Riemannian manifold, let H be a normal subgroup of G p and let W be the subspace of T p M defined by
be the fixed points of gHg À1 . It is well known that SðqÞ is a totally geodesic submanifold of M (we may assume that H is compact, otherwise the closure of H is also a normal subgroup of G p with the same fixed vectors and fixed set). One has that T q SðqÞ ¼ D q . Let now r A SðqÞ. Since SðqÞ is a homogeneous submanifold of M (see Lemma 5.2) there exists g 0 A G with g 0 :q ¼ r and such that g
Then SðqÞ is an integral manifold of D. r Lemma 5.2. Let M be a Riemannian manifold, G a closed connected subgroup of the isometries IsoðMÞ of M and let H H N À G; IsoðMÞ Á (the normalizer of G in the full isometry group). Let S ¼ fx A M : hðxÞ ¼ x for all h A Hg be the set of fixed points of H, which we assume to be non-empty (observe that S is a closed and totally geodesic submanifold of M). Let G S be the connected component of the subgroup of G that leaves S invariant. Then the cohomogeneity of G S on S is less or equal to the cohomogeneity of G on M. In particular, if G is transitive on M, then G S is transitive on S.
Proof. We may assume that H is a closed Lie subgroup. The group H turns out to be compact since any element of S is a fixed point of H. Let us endow H with an H-invariant volume element such that volðHÞ ¼ 1. Let X A K G ðMÞ F G (Killing fields of M induced by G) and define X A K G ðMÞ by
We have that X r is the projection to T r S of X r , for all r A S. In fact,
where
On the other hand, the vector z ¼ Ð h A H dhj r ðwÞ is perpendicular to T r S and it is fixed by H.
This implies that z ¼ 0. So, X j S is always tangent to S. Moreover, X j S coincides with the projection to T S of X j S .
Let K G ðSÞ be the Killing fields of M, induced by G, and such that, when restricted to S, are always tangent to S. Then, K G ðSÞ, coincides with the projection to S, of the restriction to S, of the elements of K G ðMÞ. It is now clear that a vector in T r S which is perpendicular to the orbit G S :r must be perpendicular to G:r. This implies the lemma. r
The following lemma is crucial for our purposes. Proof. Let v A V 0 and letṽ v be the G-invariant vector field on M withṽ v p ¼ v. Since M is compact,ṽ v is divergence free on M (since the flow associated toṽ v commutes with G and so it must preserve volumes; see Remark 5.5). Moreover, if SðqÞ is an integral manifold of D though q (which is totally geodesic in M) thenṽ vj SðqÞ is also divergence free in SðqÞ. In fact, letG
ThenG GðqÞ H G is a closed Lie subgroup which acts transitively on the compact manifold SðqÞ (see Lemma 5.2) . Thenṽ vj SðqÞ isG GðqÞ-invariant. Henceṽ v SðqÞ is divergence free in SðqÞ.
Since D is G-invariant, it su‰ces to show that D is parallel at p. If h A H is arbitrary, 
Proof of Theorem 1.5. We may assume that G is compact. In fact, let ðG p Þ 0 be the connected component of the isotropy group of the closure G of G in IsoðMÞ, which must lie in the normalizer of H. Then ðG p Þ 0jV i ¼ H jV i , i ¼ 1; . . . ; k. Otherwise, any 0 3 X in a complementary ideal of g i (inside the Lie algebra of ðG p Þ 0jV i ) would belong to C i ðh i Þ. This implies that ðG p Þ 0 ¼H H 0 Â H 1 Â Á Á Á Â H k , whereH H 0 acts only on V 0 . Then ðG p Þ 0 is also in the assumptions of the theorem. We also may assume, by passing to a finite cover, that
The key fact is to prove that the distribution given by the fixed vectors of the isotropies is parallel along the G-invariant distributions defined by V ? 0 .
Assume that k f 1 and let
which is, as well as H 1 , a normal subgroup of H. Let V 1 ¼ W 0 l V 1 be the set of fixed vectors at p of H 1 , where W 0 H V 0 is the set of fixed vectors at p of H 0 . The subspace V 1 is H-invariant and so it extends to a G-invariant distribution D 1 on M, which is also autoparallel (see Lemma 5.1) . Observe that the integral manifold S 1 ðpÞ by p is the (connected component containing p of) the set of fixed points of H 1 in M. We have that S 1 ðpÞ is homogeneous under the group (see the previous lemma)
Observe that the isotropy Remark 5.5. Let M be a Riemannian manifold and let G be a Lie group acting transitively on M by isometries and such that G admits a bi-invariant metric ð ; Þ. Let j be a difeomorphism of M that commutes with G. Then, as it is well known, j is volume preserving. In fact, let B e be an e-ball,with respect to ð ; Þ, around the identity e A G. If p A M, then fB e :pg is a basis of neighborhoods of p in M, for arbitrary e > 0. Let g A G be such that g:p ¼ jðpÞ. This implies that j is volume preserving.
Applications to naturally reductive spaces
Let M ¼ G=H be a homogeneous compact Riemannian manifold with a G-invariant metric h ; i. The space M is said to be naturally reductive if there exists a reductive decomposition
where G ¼ LieðGÞ, h ¼ LieðHÞ, AdðHÞm H m, such that the geodesics by p ¼ ½e are given by g X :p ¼ ExpðtX Þ:p for all X A m. In other words, the Riemannian geodesics coincide with the ' c -geodesics, where ' c is the canonical connection, which is a metric connection, of M associated to the reductive decomposition. This is in fact equivalent to the property that ½X ; Á m : m ! m is skew-symmetric, for all X A m (m F T p M).
The Levi-Civita connection is given by where, for u A T p M,ũ u is the Killing field on M induced by the unique X A m such that X :p ¼ u (i.e.ũ uðqÞ ¼ X :q).
The di¤erence tensor between both connections is given by
The tensor D is totally skew, i.e. hD v w; zi is a 3-form.
Assume that the Riemannian metric of M is also naturally reductive with respect to another decomposition. That is, M ¼ G 0 =H 0 and there is a reductive decomposition
such that the geodesics of M by p are also given by
Let ' c be the canonical connection associated to this new reductive decomposition.
where, for u A T p M, u is the Killing field on M induced by the unique X A m 0 such that X :p ¼ u (i.e. uðqÞ ¼ X :q).
The tensor D, as well as D, is totally skew.
One has that
where Z ¼w w À w vanishes at p. 
where H 0 acts only on V 0 and H i acts irreducibly on V i and trivially on V j if i 3 j, i f 1. Moreover, such groups are in the assumptions of Theorem 1.5. Then, by this theorem, if M is locally irreducible, either (b) H 1 acts on T p M as the Ad-representation of a compact simple Lie group. Then M is isometric to a compact simple group with a bi-invariant metric (a classification free and geometric proof of this fact is given in Proposition 8.1).
Proof of Theorem 1.2. It follows from the above discussion. r Remark 6.1. We keep the above notation. Assume, as in case (b), that M is isometric to a compact simple Lie group with a bi-invariant metric. In this case the family of canonical connections is the a‰ne line L ¼ fs' þ ð1 À sÞ' c : s A Rg;
since the di¤erence tensor between any two canonical connections must be, up to a scalar multiple, unique (see Proposition 2.5). We assume ' c 3 '. In this case Iso 0 ðMÞ fixes pointwise the whole line (since IsoðMÞ induces an isometry on L with the fixed point '). In with the same arguments of the proof of Theorem 1. Let now H:u be a principal orbit and choose 0 3 v A u þ n u ðH:uÞ ¼ n u ðH:uÞ such that H:v is a most singular orbit (i.e. v belongs to a one dimensional simplex of a Weyl chamber of the normal space n u ðH:uÞ; recall that the principal H-orbits are isoparametric submanifolds [17] , [5] ). Since M v splits locally g v , then M u splits also locally g v , since M u is a totally geodesic submanifold of M v (due to the fact that n u ðH:uÞ H n v ðH:vÞ).
Let W be the Weyl group of n u ðH:uÞ which acts irreducibly on u þ n u ðH:uÞ ¼ n u ðH:uÞ.
Given g A W there exists h A H such that h:n u ðH:uÞ ¼ n u ðH:uÞ and h jn u ðH:uÞ ¼ g. Then M u ¼ h:M u splits o¤ also g h:v ¼ g gðvÞ , for all g A W . Then M u is flat (and compact), since W :v generates n u ðH:uÞ. Let now z A T p M be arbitrary. There exists w A H:u such that z A n w ðH:uÞ ¼ n w ðH:wÞ (for instance, by choosing a point w where the height function x 7 ! hx; zi, x A H:u, achieves its maximum value). Then the arbitrary geodesic g z , by p, is contained in the compact k-flat M w , where k ¼ rankðHÞ f 2. Since M is homogeneous, we conclude that any geodesic in M must be contained in a compact flat. Then, by [11] , M is globally symmetric of rank at least two (see [10] for a conceptual proof).
Observe that H, regarded as a subgroup of the isotropy of M, coincides with the connected component of the full isotropy Iso 0 ðMÞ p of M at p. If not, Iso 0 ðMÞ p would be transitive on the sphere, by Simons' Holonomy Theorem [20] , [15] (since s-representations can not be enlarged without acting transitively on the sphere). But then the symmetric space M would be of rank one, a contradiction since there exists non trivial flats in M.
So, since M is symmetric, H ¼ Iso 0 ðMÞ p coincides with the (restricted) holonomy group of M at p (via the isotropy representation).
Let now X be the symmetric space H endowed with a bi-invariant metric. Identifying T p M F T e X one has both M and X have the same (restricted) holonomy. Then, the curvature tensors of M and X di¤er by a positive scalar multiple (this follows for instance from [15] , Lemma 3.3).
Thus M is locally a symmetric space of group type. Since M is globally symmetric it is not hard to see that M must be globally isometric to a (connected and compact) Lie group with a bi-invariant metric. r
